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We introduce a fully coherent spin network amplitude whose expansion generates all SU(2) 
spin networks associated with a given graph. We then give an explicit evaluation of this am- 
plitude for an arbitrary graph. We show how this coherent amplitude can be obtained from 
the specialization of a generating functional obtained by the contraction of parametrized in- 
tertwiners a la Schwinger. We finally give the explicit evaluation of this generating functional 
for arbitrary graphs. 

I. INTRODUCTION 

Spin networks consist of graphs labeled by representations of SU(2). They play a fundamental 
role in quantum gravity in two respects. First, they arise as a basis of states for 4 dimensional 
quantum gravity formulated in terms of Ashtekar-Barbero variables pQ . Second, in spin foam mod- 
els the evaluations of spin networks appear in the expression of the quantum transition amplitude 
between boundary spin network states. In 3 dimensions the amplitude associated with a tetrahe- 
dron is the 6j symbol or the spin network evaluation of a tetrahedral graph [;2J. Similarly, in 4 
dimensions the amplitude associated with a 4-simplex is given by a product of two 15j-symbols 
with labels being related via the Immirzi parameter O Hj. These results have triggered an ex- 
tensive study of the properties of these symbols especially concerning their asymptotic properties. 
It has been known for a while that the 6j symbol is asymptotically related to the cosine of the 
Regge action, and moreover it has been shown more recently that these results extend to the 15j 
symbol [SHE]. In order to understand the asymptotic property of the spin network evaluation, a key 
insight was to express these amplitudes in terms of coherent states and express the amplitudes as 
a functional of spinor variables. Furthermore, the coherent state representation has been found to 
admit a corresponding geometrical interpretation in terms of polyhedral [9] and twisted geometries 
|10j where the spin labels represent the area of a polygonal face. It was also recognized that further 
simplifications of the amplitudes and other structures involving the coherent intertwiners could be 
achieved by summing the amplitudes over the spins with certain weight while keeping the total 
spin associated with each of the vertices fixed. In this case the amplitudes were found to exhibit 
an extra U(iV) symmetry that renders certain computations extremely efficient |llH13j . What we 
propose here is to go one step further and consider fully coherent spin network amplitudes obtained 
by summing over all spins with a specific weight. Such a proposal has also been developed recently 
by Livine and Dupuis [2] in order to write spin foam models more efficiently. 

What we show is that by carefully choosing the weight of the spin network amplitudes we 
can compute them exactly for an arbitrary graph. This is our main result. These fully coherent 
amplitudes contain as their expansion coefficients the spin network evaluations for arbitrary spins 
and therefore can be understood as a generating functional for all spin networks evaluations. 
Similar generating functionals have been studied before, first by Schwinger [16] and then further 
developed by Bargmann [T7] (see also |18j). Much later, an explicit evaluation of the generating 
functional for the chromatic (or Penrose [15]) evaluation of a spin network on a planar trivalent 
graph was given by Westbury |19j . More recently, Garoufalidis et al. |20j extended the evaluation 
of the chromatic generating functional to non planar graphs and Costantino and Marche [21] to 
the case where holonomies along the edges are present. In our case we focus on a slightly different 
generating functional that does not generate the chromatic evaluation but rather the usual spin 
network evaluation (i.e. the one obtained by the contraction of intertwiners). This evaluation 
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differs from the chromatic one by an overall sign [22j and is much simpler in the non planar case. 
We present new techniques that allow this generating functional to be represented as a Gaussian 
integral and finally as the reciprocal of a polynomial. Furthermore, these results are valid for 
graphs of full generality such as those which are non-planar or of higher valency. 



II. COHERENT EVALUATION OF THE VERTEX AND GENERAL GRAPHS 

One of the key recent developments concerning spin foam amplitudes has been the ability to 
express them in terms of SU(2) coherent states. In the following we denote the coherent states and 
their contragradient version by 

The bracket between these two spinors [zi|z2) = &ifh — a.ifi\ is purely holomorphic and anti- 
symmetric with respect to the exchange of Z\ with Z2 ■ We will also denote the conjugate states 
by (z\ = (a, ft) and [z\ = (—(3, a). 

The vertex amplitude for SU(2) BF theory, expressed in terms of the SU(2) coherent states, 
depends on 10 spins jij and depends holomorphically on 20 spinors \zij) ^ \zji); it is based on a 
4-simplex graph and is given by: 



A 



is 



./SU(2)« V f<j 



One of the key advantages of expressing the vertex amplitude in terms of coherent states is the 
ease with which to compute its asymptotic properties [5j [6J, [8] . However, even if the asymptotic 
property of this amplitude is known, we do not know how to to compute it explicitly. What we 
are going to show is that by resumming these amplitudes in terms of a fully coherent amplitudes 
where jij is summed over, we can get an exact expression for the vertex amplitude. 

Let us denote Ji = YljU^iJij an d define the following vertex amplitude which now depends 
only on the spinors: 

1L<7V Z A?V- 

jij j 

Since \Ais(jij> z ij)\ — T\i<j \l z ij \ z ji)\ ^ can be easily seen that such a series admits a non- 
zero radius of convergence. This amplitude can be thought of as a generating functional for the 
vertex amplitude A^sUij, z ij)i where the magnitudes of the (%|%-) determine which spin jy the 
amplitude is peaked on. Let us finally note that the particular set of coefficients we use in order 
to sum the coherent state amplitudes is motivated by the U(iV) perspective [HI [12]. That is, if 
we denote by \\ji,Zi) the SU(2) coherent intertwiners and by \J, Zi) the SU(iV) coherent states we 
have the relation 



\J,Zj) 




(4) 



where = f dg <S>i (g\zi)) 2 -'' , is the coherent intertwiner [23]. The idea to use generalized 

coherent states which include the sum over all spins in a way compatible with the U(iV) symmetry, 
has been already proposed in [13| in order to treat all simplicity constraints arising in the spin foam 
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formulation of gravity on the same footing. One ambiguity concerns the choice of the measure factor 
used to perform the summation over the total spin J. The choice to sum states as | J, Zi)/\/~Jl 
differs form the one taken in [13J, but is ultimately justified for us by the fact that the spin network 
amplitude can be exactly evaluated. 

The definition of the generally coherent amplitude is not limited to the 4-simplex, it can be 
extended to any spin network: More generally, let T be an oriented graph with edges denoted by 
e and vertices by v. We assign two spinors z e , z e -i to each oriented edge e, one for e and one for 
the reverse oriented edge e -1 . We also assign spins j e = j e -i to every edge and define 

Jv = ^2 je + ^2 it 

e:s e =v e:t e =v 

where s e (resp. t e ) is the starting (resp. terminal vertex) of the edge e. 

Given this data we define a functional depending on j e and holomorphically on all z e given by: 

A r (j e ,z e )= / J| dg v 11 [z e \g SR 9u\z e -i) 2je (5) 

where we define E-p to be the set of edges of Y and Vp the set of vertices. Finally, we introduce the 
following amplitude depending purely on the spinors 

Je 

je veV r J i£V r e£E r V JeJ ' 

The main motivation for this definition comes from the fact that it can be explicitly evaluated, 
and this follows from the fact that this amplitude can be expressed as a Gaussian integral. 

Lemma II. 1. The fully coherent amplitude can be evaluated as a Gaussian integral 

Ar{z e ) = I J\ d Mai)exp - ^ {ai\Xij\aj) J (8) 

where dfj,(a) = e~^ a ^d^a/ir 2 ; and X^j is a 2 by 2 matrix which vanishes if there is no edge between 
i and j . If (ij) = e is an edge ofT, is given by 

Xi i= E W)W-A- E l z e-i)[^e|- (9) 

e\s e =i,t e =j e\t e =i,s e =j 

This Gaussian integral can be evaluated giving 

Proof. Given a group element gi G SU(2) we can construct a unit spinor \a.j) = g^ l \Q) where 
|0) = (1 0) T . Using the the decomposition of the identity 1 = |0)(0| + |0][0|, we can express the 
group product as 

9l l 9i = sr'GOXOl + |0][0|) 5i = \ ai )( aj \ + \ ai ][aj\ (11) 
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where we used the decomposition of the identity 1 = |0)(0| + 1 0] [0 1 . On the other hand, given a 
spinor \a) we can construct a group element g(a) = \0)(a\ + |0][a|, for which g'(a)g(a) = (a\a). 
Any function of \a) and its conjugate can be viewed as a function F(g(\a))) of this element and 
therefore can be viewed, when restricted to unit spinors as a function on SU(2). Lets now suppose 
that F(g(\a))) is homogeneous of degree 2J in \a), i.e. F(g(Xa)) = \ 2J F{g{a)) for A > 0. Then 
we can express the group integration as a Gaussian integral over spinors 

(J+ 1)! / dgF(g) = \ f d 4 a e^F(g(a)) (12) 

JSU{2) n J£ 2 

where dg is the normalized Haar measure (for proof see the appendix). Therefore Ar(z e ) can be 
written as a Gaussian integral 

Ar(z e ) = Y[ d M(«i) ex P \Y1 [ Ze ' (\ a s(e)){a t (e)\ + l«s(e)] [«i(e) I) ke" 1 } (13) 

where d^(a) = e~^ a l a ^d 4 a/7r 2 . 

Using the relation [a|w)[z|/3] = — {(3\z)[w\a) we can write the integrand as 

exp {—J2ij(zy r (tti\Xij\aj)j where the 2 by 2 matrix X%j is given by 



X ^3 = \ Z e)[ z e-A~ \z e -^)W\ (14) 

e\s e =i,t e =j e\t e =i,s e =j 

and Xij vanishes if there is no edge between i and j . This Gaussian integral can be easily evaluated 



giving the determinant formula (10). □ 



We now want to evaluate this determinant explicitly. To do this we require the following 
definitions. 

Definition II. 2. A loop of T is a set of edges I = ei,---e n such that t ei = s ei+1 and t en = s ei . 
A simple loop of T is a loop in which ^ ej for i ^ j, that is each edge enters at most once. A 
non trivial cycle c = (ei,---e n ) of T is a simple loop of T in which s ei ^ s ej for i ^ j, i.e. it 
is a simple loop in which each vertex is traversed at most once. A disjoint cycle union of T is a 
collection C = {c\, • • • , c^} of non trivial cycles ofT which are pairwise disjoint (i.e. do not have 
any common edges or vertices). Given a non trivial cycle c = (ei, • • • , e n ) we define the quantity 

A c (z e ) = -(-l) |e| [z ei |z e2 )[z e2 |z e3 ) ••• [z e Jz ei ) (15) 

where \e\ is the number of edges of c whose orientation agrees with the chosen orientation ofT, 
and z e = z e -i . Finally, given a disjoint cycle union C = {c\ ■ ■ ■ c^} we define 

A c {z e ) = A cl (z e )---A Ck {z e ). (16) 

With these definitions we present the final expression for the vertex amplitude in the following 
theorem. 



Theorem II. 3. 



A T (z e ) = 1 ? (17) 

(1 + Ec^c(z e )) 2 



where the sum is over all disjoint cycle unions C ofT. 



5 



The proof of this result is detailed in the appendix, and is due to the following special property 
of the matrix X. 

Proposition II. 4. The Matrix X defined in Eq. |5p is what we call a scalar loop matrix. That is 
for any collection of indices L = ■ ■ ■ ,i n ) of {1, 2, n} where n is the size of X the quantity 

2 {X ili2 Xi 2 i 3 ■ ■ ■ X inil + X il i n X in i n _ 1 ■ ■ ■ X i2il ) = X L t (18) 

is proportional to the identity. 

This property allows us to prove the following lemma from which the theorem follows: 
Lemma II. 5. If X is a n x n scalar loop matrix composed of 2 by 2 block matrices then 

det(X) = S gn(C)X h • • • Xi)j , (19) 

where the sum is over all collections of pairwise disjoint cycles C = ■ ■ ■ , i^) of {1, ■ ■ ■ ,n} which 
cover {1, 2, n}, and sgn(C) is the signature of C viewed as a permutation of (1, • • • , n). 

Evaluating this sum leads to our main theorem. 



A. Illustration 



Let us first illustrate this theorem on one of the simplest graphs: the theta graph n . This 
graph consists of two vertices with n edges running between them. The amplitude for this graph 
depends on 2n spinors denoted Zi for the spinors attached to the first vertex and w-i for the ones 
attached to the second vertex. The orientation of all the edges is directed from Zi to Wi where 
i = 1, • • • , n labels the edges of n . For this graph the only cycles which have non-zero amplitudes 
are of length 2. Further, since there are only two vertices, each disjoint cycle union consists of a 
single nontrivial cycle. The amplitude associated to such a cycle going along the edge i and then 
j is given by 

Aij = [wi\wj)[zj\zi) (20) 
Therefore, from our general formula we have 

Ae n (zi,Wj) = 1 + y~ K Jw i \wj)[zj\z i ) . (21) 

\ i<3 J 

We now illustrate the theorem for cases of the 3-simplex and the 4-simplex. In a n-simplex 
there is exactly one oriented edge for any pair of vertices e = [ij] and so we can label cycles by 
sequences of vertices. We choose the orientation of the simplex to be such that positively oriented 
edges are given by e = [ij] for i < j. Associated to the oriented edge e = [ij] we assign the spinors 

i ~ j 

Zq = Zj , Z e — 1=2^. 

Given a non trivial cycle (1, 2, ... ,p) of a n-simplex we define its amplitude by 

A l2 ... p ^[zl\z\)[zl\zl)...[zl_ 1 \z[). (22) 
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For the 3-simplex we have four non-trivial cycles of length 3 and three non-trivial cycles of length 4. 
Since each of these cycles share a vertex or edge with every other, the only disjoint cycle unions are 
those which contain one non-trivial cycle. Therefore, after taking into account the sign convention 
the 3-simplex amplitude is given by 

A3S = f 1 — ^123 — ^124 — ^134 ~ ^234 + ^.1234 — ^1243 ~ ^1324^ • (23) 

The sign in front of A123 is determined in the following way. First, there is one —1 which comes 
from the cycle union having one non trivial cycle and two —1 because the non trivial cycle (1, 2, 3) 
contains the two edges 12 and 23 which have a positive orientation. Thus the sign is negative. 

For the 4-simplex we have ten 3-cycles, fifteen 4 cycles, and twelve 5 cycles and again the disjoint 
cycle unions consist of only single cycles. We define the 3-cycle amplitude to be 

^3 = ^123 + ^124 + ^134 + ^234 + ^125 + ^135 + ^345 + ^145 + ^245 + ^345, (24) 

the 4-cycle amplitude to be 

A4 = A1234 + A1235 + A1245 + ^1345 + ^2345) w ith A1234 = ^1234 ~ ^1324 ~ ^1243- (25) 

and the 5-cycle amplitude to be 

A5 = ^12345 — ^12435 _ ^23541 ~ ^34152 ~ ^45213 _ ^51324 

—^12453 — ^.23514 ~ ^.34125 _ ^45231 _ ^51342 ~ ^13524- (26) 

Finally, the 4-simplex amplitude is given by 

Ais = (I-A3 + A4- A 5 y 2 . (27) 



III. INTERTWINERS AND THE VERTEX AMPLITUDE 

The goal of this section is to understand more deeply the relationship between the coherent 
evaluation of 3 and 4-valent graphs like the 3 and 4-simplex and the usual evaluation of spin 
network. 

In order to express the coherent evaluation ^.35 and .A45, in terms of the 6j and 15j symbols 
respectively, we need to know the relationship between the coherent intertwiner and the normalised 
3j symbol. This relationship is well known for 3-valent intertwiners \12\ [17} [24"} I25| . however we 
will give an independent and elegant derivation that will allow us to understand this relationship 
in the unknown 4-valent case ( for an exception see |12j). 



A. The n-valent intertwiner 

It is well-known \16\ [T7] that the spin j representation can be understood in terms of holomorphic 
functions on spinor space C 2 which are homogeneous of degree 2j. In this formulation a holomorphic 
and orthonormal basis corresponding to the diagonalisation of J3 is given by 

(28) 



y/ '(j + m)l(j - m) 
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where (a, (3) are the components of the spinor \z). This basis is orthonormal with respect to the 
Gaussian measure 

dfi(z) = \e~ {z \ z) ^z (29) 

and d 4 z is the Lebesgue measure on C 2 . In fact these basis elements are the bracket between the 
usual states and the coherent states 

4»(*0 = (j,m\z) 

. In this representation it is straightforward to construct a basis of n-valent intertwiners, i.e. 
functions of z%, ■ ■ ■ ,z n which are invariant under SL(2,C) and homogeneous of degree 2ji in z\. 
A complete basis of these intertwiners is labeled by n(n — l)/2 integers [k] = (fcjjWi=l,— n with 
kij = kji and given by 

^w^-^n^ (30) 

i<j 13 

where the sign factor s n is chosen for convenience 1 . By homogeneity the integers [k] must satisfy 
the conditions 

Y, k ij= 2 3i ( 31 ) 

and when these conditions are satisfied we write [k] £ Kj. 

We now would like to understand the relationship between this basis of intertwiners and the 
coherent intertwiners, and in particular the scalar product between these states. In order to 
investigate this, let us introduce the normalised intertwiner basis 



, _ Y[j<j[ Z i\ Z i) kl3 _ Ui<j (n) ( , 

mM= ju^^rii^w^- (32) 



Intuitively, the theta graph consists of two n-valent intertwiners with pairs of legs identified. 



Indeed, expanding the theta graph amplitude (21) in a power series yields an expression in terms 
of these intertwiners 

Ae n (zi,wi) = ^(-1) J (J + 1) (33) 

J \i<3 J 

,ni<iKK>^iki) fc " 



[k] lU<j K V 

£[(J + 1)!] 2 ^hzMhw,). (35) 



This shows that A@ n (zi,Wi) is a generating functional for the n-valent intertwiners. Given the 
definition ^ of the amplitude A.® n (zi,Wi) in terms of coherent intertwiners, this implies that 



E^(^K)= d, n »F- (36) 



1 For instance in the trivalent case we take S3 = /C31 so that the ordering correspond to the cyclic ordering with 

212, Z23, Z31 instead of 212, 223, «13- 



s 



This shows that the relation between the coherent intertwiner Zi) and the normalised n-valent 
intertwiner Cry is given by 



|Ji) Zi 



E 1^)6® to 



(37) 



where we have introduce the state ( C, 



'[*] 



We now have to understand the normalization properties of . In order to do so, it is 
convenient to introduce another generating functional defined by 



^ n (z hWi )^j2 d [k]to d lk]( 



Wi . 



(38) 



[k] 



The remarkable fact about this generating functional, which follows from (36), is that it can be 
written as the evaluation of the following integral 



dge 



SU(2) 



We can now compute 



JJd/x^i) Ae n (zi,Wi) 



dgdh f ]Jd/i(^)e E * W9K)+E > l|/l 
= J dgdhe^^h-^] =Ae n (z i ,z i ) 

where \z%) = \zi\ and in the second line we performed the Gaussian integral. 
Using (38) to write this equality in terms of the intertwiner basis we get 



(39) 

(40) 
(41) 



e d m{ c ^ 
[k\,[k'\ 



ctAc^izi 



[k] / ~[fc] 



Ik] 



(42) 



where we have used that C^(ij) is the complex conjugate 2 of C^(zi). This shows that the 



combination 



P 



rw / \ G w 

[k]eKj 



(43) 



is a projector onto the space of SU(2) intertwiners of spin j\. 

In the case n = 3 there is only one intertwiner. Indeed, given [k] = (ki2, &23 5 &31) the homo- 
geneity restriction requires 2j\ = k\2 + ^13 which can be easily solved by 



kij = J-2ji, J = 31+32+ h- 



(44) 



(3) 

In this case the fact that Pj is a projector implies that C,J form an orthonormal basis, 



ri(3)ir;(3) 
°[fc] l°[fc'] 



[k] 



3[k],[k']- ^ n other word we can write 



E 



3l 32 33 

mi m 2 ITT-'S 



(45) 



2 We have [w\z) — — (w\z] = (z\w] = [w\z). 
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where the coefficients are the Wigner 3j symbols. 

Using the relationship (37) between the normalised and coherent intertwiners and the definition 
([7]) of the amplitude in terms of coherent intertwiners we can evaluate the 3-simplex amplitude in 
terms of the 6j symbol as 

^35(4) = EII( J * + m-i) s U d ^M) ■ ( 46 ) 

Jij % ^ 

Here s = j'12 + ji3 an d this signs comes from the fact that the oriented graph for the 6j symbol 
differs from the generic orientation we have chosen by a change of order of the edge 12 and 23 (see 
e.g. [26| for the definition of the 6j). Note that it is also interesting to consider the amplitude 

^35(4) Ello^--.;)!''/} /lI<i.'/<< >: • : >-*'- 1 --' (47) 

Jij 1 l 

although this amplitude cannot be evaluated exactly, unlike A. This amplitude does however 
possess interesting asymptotic properties. 



IV. GENERATING FUNCTIONALS 

We would like now to provide a direct evaluation of the scalar product between two intertwiners. 
In order to do so we introduce the following generating functional which depends holomorphically 
on n spinors \zi) and n(n — l)/2 complex numbers = — Tji 

C Ti] ( Zi ) = e £«<^M*> ^n^^l^)- ( 48 ) 

[k] i<j 



This functional was first consider by Schwinger |16j . We now compute the scalar product between 
two such intertwiners 

(C nj \C Tij ) = J XlMz^C^Zif (49) 

i 

= j\\Mzi)e^ T ^ [z ^ )+f ^ z ^\ (50) 

J i 

If we denote by a; G C and /3j G C the two components of the spinor Zj, and use that = 
ai{3j — ctjPi together with the antisymmetry of 7y, this integral reads 

J J|d//(a i )d//(A)e E ^ ( ^ ai ^ + ^ ai ^ ) (51) 

i 

with d^(a) = e _ ' a ' 2 da/7r. We can easily integrate over fij, since the integrand is linear in j3j and 
we obtain: 

f TT dfi{ai)e^^ am ^ k = 1 =- (52) 

J \ L det(l + TT) V ; 

where T = (rjj) and T = (rij). In the case where n = 3 this determinant can be explicitly evaluated 
and it is given by 



2 



det(l + TT)= 1-^lr,/ (53) 



i<j 
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In the case n = 4 the explicit evaluation gives 

det(l + TT) = ^1 - + l^l 2 j ( 54 ) 

where 

R(r) = T 12 T34 + T 13 U2 + T U T 23 . (55) 



Note that the Pliicker identity tells us that R = when r, t 



By expanding the LHS of (49) for n = 4 

= E U4 jf iH C w\ C M) ( 56 ) 

[k],[k'] i<j 

we see that the generating functional contains information about the scalar products of the new 
intertwiners. The property of this scalar product is studied in |27j . 
For general n we notice that 

det(l + TT) = det £\ (57) 
and since T is n x n antisymmetric we can express the determinant as the square of a pfaffian as 

2 

(58) 



det(l + 3T)= (l + ^(-l) J 3 L pf(T jr )pf(r / )^ 



where / C {1, n}, |/| = 2, 4, ... up to n, and Tj is the submatrix of T consisting of the rows and 
columns indexed by /. In particular we have pf(Tuj\) = r%j and for / = k,l} 

Rijkl = pi(T{i,j,k,l}) = T ij T kl + TikTlj + TuTj k . (59) 

By the pfaffian expansion formula for \I\ > 4 pf (Tj) consists of terms, all of which contain a factor 

Rijki for some l<i<j<k<l<n. For instance pf (^{1,2,3,4,5,6}) = TL2-R3456 - ^13-^2456 H • 

Therefore if Ty = [zi\zj) then we have Q) relations -R^m = in which case the scalar product has 
the form 

(C[ Zi \ Zj )\C [z . lz .^ = ^1 -^N^K^N^ =^e„(^,^) (60) 

where = |jz$]. This shows that when Tj,- = we recover the amplitude A we computed 

initially. This is not a coincidence, this is always true for any graph as we now show. 

A. General evaluation 

Definition IV. 1. Given an oriented graph T we define a generating functional that depends holo- 
morphically on parameters T^ e , = —T^, e associated with a pair of edges e, e' meeting at v. 

SrftW =/U M^e) II c ?> e) ( 61 ) 
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where the integral is over one spinor per edge of T and we integrate a product of intertwiners 
for each vertex v. If v is a n-valent vertex with outgoing edges ei,-- - , e& and incoming edges 
efc+i,-- - ,e n we define 

(W e ) =C T v t (w ei ,--- ,W ek ,W ek+1 ,--- ,W en ). (62) 

ee ee 

We then have the following lemma 
Lemma IV. 2. 

Qr{Tee') = Ar(z e ), if ^ee' = i z e\z e ') when s(e) = s(e) = V (63) 

Proof. The proof is straightforward; we start from the definition (48) of C T and notice that when 
T ee' = [ z e\ze') this expression reads 

CWv>( W e)=E( J + 1 ) I Afc](«A](^=E^^T / d 5[^bke) 2 ^ (64) 

[fc] u [ 3eh J 



where we have used ( 36 ) in the second equality. Integrating out w e and using that 



dfi(w)[z\g a \w) 23 [z'\gt\w) 2j ' = J dfi(w)[z\g 8 \w) 23 (w\g t 1 \z') 2j ' = (2j)\5 j j / [z\g s g t 1 \z') 23 , 
we easily obtain that 

Gr([z e \z e ,)) = £ U {l%lli l J II *9v{ze\g Se gT e X \z e -,) 2 i° = Ar(z e ). (65) 



veV T 



□ 



We now formulate our last main result 
Lemma IV. 3. The generating functional Qr can be evaluated as an inverse determinant 

e ^ - ^ihn < 66 > 

where 

and T r is a matrix whose entries are labeled by half edges (or oriented edges) of T . The matrix 
elements o/T r are given by: 

T e ie2 = <e 2 if s(ei) = s(e 2 ) = v, (68) 
while all the other matrix elements vanish. This matrix is skew-symmetric 

T V eie2 = -T e r 2ei (69) 
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Proof. Two edges e and e' of T can either share zero one or two vertices, when two edges share a 
vertex there are four possible orientation of the edges at this vertex, since each edge can be either 
incoming or outgoing. Taking all of these possibilities we introduce the coefficients TE,, which 
vanish if s(e) is different from s(e') is given by T£, = r**, otherwise. If two edges meet at one 
vertex, one of the four coefficients T^„,,T^_ 1 ,_ 1 ,T^,_ 1 ,T^_ lcil do not vanish. If two edges meet at 
two vertices two such coefficients do not vanish. 

This matrix can be used to express explicitly the amplitude Q-p taking into account the orien- 
tation of the edges, and since = —(w\w') and [w|it/) = and [lulu/) = —(w\w'] the 
definition (61) translates into 

£rOe e ') = I Yl d / u ( u; e)exp| - - ^ (T e r _ v (w e |«v) + T e r _i e ,_i (w e \w e '} - T^, [w e I w e > ) - T e r e ,_i[w e |uv]) | 

ee£ r e,e' 

Note that the anti-symmetry properties Tz , is compatible with the symmetry properties of the 
spinor products. Expressing this in terms of the two components a e ,j3 e G C of the spinor w e , we 
get 



Gr{Tee>) = I II d/x(a e )d/x(/3 e ) exp j - - ^ (r^L le ,(a e a e > + /3 e e >) + Tf_i e ,_i (/3 e a e / - a e fi e >) 

e&E T e,e' 

- T^ el (a e (3 e > - /3 e a e >) - T e r e ,_i {a e a e i + /3 e /3 e /)J | 
= / \\ d/i(a e )d//(/3 e ) exp j - ^ \a. e A ee >a e < + f3 e B ee >a e / + a e C ee '/3 e , + (3 e D ee ij3 e ^ j 

" fez E„ «, 



where d/i(a) = e~' a ' 2 da/7r and 
1 



A, 



(^e- 1 e' ^e'e" 1 ) — ^e" 1 e' ' 



2 v-, <■ 

2 ^ ' e ' ' ' ' 



D P 



1 



(^Je ~~ ^ee') _ ~~ ^ee'> 



1 <->r T^r 



^ee'-O — ^ei-i — ^ee' 



l e /-l - T e ,_i e _i) — T e _i e ,_i 



where ^4* denotes the transpose of A. Performing the Gaussian integrations first of a and then of 

j3 we get 

SrCr^) = det(1 * / II ex P { " E (^4^ - Pe(B(l + A)- 1 C) ee ^ e ,) } (70) 

eei?r e,e' 



det(l + A)- 1 det (l + A f - 5(1 + A) _1 C) 
det f 

l + A C 



l + A t -B(l+A)~ 1 C 



det 



5 1 + A ( 



-i 



(71) 
(72) 

(73) 



The matrix E introduced in (67) has a unit determinant; thus the previous determinant is also 



equal to the determinant of the antisymmetric matrix 

-i 



det 



E 



l + A B 



C l + A 1 
which is what we desire to establish 



det 



B (l + A*; 
(l + A) -C ' 



det(£ - T r ) 



(74) 

□ 
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We now are going to evaluate explicitly this determinant in much the same way as Theorem 



II. 3 In order to do so we must define the following quantities. 



Definition IV. 4. A simple loop of T is a loop ofT in which each edge enters at most once. We say 
two simple loops are disjoint if they have no edges in common. Given a simple loop I = {e±, • • • , e n } 
we define the quantity 

AHr) = -(-l)l^*"»^>...^-» (75) 

where \e\ is the number of edges of I whose orientation agrees with the chosen orientation of T. 
Finally, given a collection of disjoint simple loops L = l\, we define 

A L (r) = A ei (r)...A ik (T). (76) 

With these definitions the generating functional is given by 

Theorem IV. 5. 

Sr(r) = 1 , (77) 

(1 + El Mr)) 2 

where the sum is over all collections of disjoint simple loops ofT. 



Note that this result for the generating functional Gv{ T ) is very similar to the first theorem II. 3 



we established in the first section for the coherent amplitude Ar{z e ) . The key difference is that the 
general amplitude involve a sum over simple loops which contains cycles or non intersecting simple 
loops, but also simple loops that intersect at a vertex. The relation between the two theorems 
comes from the fact that if the Pliicker relation is satisfied then the sum of loops that meet at this 
vertex vanish. This can be easily seen graphically in Fig. [I] and it is established algebraically in the 
appendix. This allows us to offer an alternative proof of Theorem II. 3 as a corollary to Theorem 

hesi 

Corollary IV. 6. If = [z e \z e >) where s(e) = s(e') = v then 

1 

where the sum is over all disjoint cycle unions ofT. 

Again the proof of this corollary can be found in the appendix. It is interesting to note the 



Sr(r) = „ , ^ — ^ , (78) 



similarity between the proof of Lemma B.5 and the proof of Corollary IV. 6 
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U 



FIG. 1: A simple loop depicted by the dashed line intersects itself at a vertex within the box. In fact 
there three possible collections of inequivalent simple loops which intersect at this vertex and have the same 
unoricntcd edges in common. These three collections correspond to the three orientations S,T, and U of 
the four edges meeting at this vertex. Note the following identification of vertices: S=(12)(34), T=(13)(42), 
U=(14)(32) which is an allusion to the Pliicker relation. An algebraic proof of how the amplitudes of 
intersecting simple loops arrange into the Pliicker form is given in the proof of Corollary |IV.6| 



Appendix A: Invariant integration of a homogeneous function 

Given a spinor \a) we define the U(2) group element g(a) = \0}(a\ + |0][a| where g{a)g(ay 
(a\a). Suppose that F(g(a)) is a homogeneous function of \a) of degree 2J, that is F(g(Xa)) 
X 2J F(g(a)). Then in the pseudo-spherical coordinates 



CY) 



rcos(0)e^ 



y r sin(0)e 1 ^ 

where r G (0,oo), 9 G [0,vr/2), (f> G [0,2vr), ip G [0, 2vr) we have 

F(g(a)) = r 2J F(g(S)) 

where 



cos(0)e 
sm(8)e' 



(Al) 



(A2) 



(A3) 



and g(a) G SU(2). The Lebesgue measure in these coordinates is d 4 |a) = r 3 sin(0) cos(6)dr A dej) A 
d6 A dip and so 



d A \a)e- {a \ a) F{g{a)) 



drr 3+2J e- r2 



?r/2 [-2tt r-2iT 

d0sin(#)cos(#) / dcf> / di/jF(g(a)). (A4) 
ii Jo Jo 



Performing the integration over r 



gives 



d7T 3+2J e- r2 = ir(J + 2) 



/ d 4 \a)e-^F(g(a)) = T( J + 2) / dgF(g) 

JC 2 JSU(2) 

where dg is the normalized Haar measure on SU(2). 



(A5) 



(A6) 
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Appendix B: Proof of Theorem II. 3 

Recall the Laplace expansion of the determinant for a n x n matrix (of complex numbers) 

det(A) = sgn(7r)a l7r(1) a 27r(2) • • • a nn{n) . (Bl) 

An equivalent definition of the determinant can be given in terms of cycle covers of a complete 
directed graph on n vertices [28] . On a complete graph we can label a loop by a sequence of vertices 
since there is only one edge between any two vertices. A cycle is defined to be a simple loop for 
which all the vertices are distinct and a cycle cover is a collection of cycles which covers all the 
vertices in the graph, i.e. all of {1, ...,n}. Notice that every permutation of (1, ...,n) corresponds 
to a unique partition of the set {1, n} into disjoint cycles. For example the permutation 

^=V2 4 6 1 5 3j (B2) 

corresponds to the cycle cover C = (124) (36) (5). The weight of a cycle C = (c\ ■ ■ ■ Cj) is defined 
to be W(C) = a ClC2 a C2C3 ...a CiCl and the weight of a cycle cover is the product of the weights of its 
cycles 3 . Furthermore, it can be shown that the sign of a permutation is equal to (— l) n+fc where 



k is the number of cycles in its corresponding cover. Therefore, Eq. (Bl) can be written as 



det(A) = ^2sgn(C)W(C). (B3) 
c 

Now suppose that the matrix A is composed of elements which are noncommutative such as 2 x 2 
matrices in the case of Eq. (|9j). In this case we lose many useful relations of the determinant such 
as the multiplicative property and the behavior with respect to elementary row operations due to 
the noncommutativity. Yet for special types of matrices which we call scalar loop matrices we can 
define a quasi-determinant for which these properties still hold. 

Definition B.l. A matrix is called a scalar loop matrix if for any loop L the quantity S(L) = 
h(W(L) + W(L~ 1 )) is scalar where L and its inverse L~ l begin with the same element but the sum 
is otherwise invariant under cyclic permutations of L. 

Definition B.2. Let A be a n by n scalar loop matrix. The loop determinant of A is defined to be 

Ldet(A) = ^sgn(C)S(C) (B4) 
c 

where the sum is over all cycle covers C = C\...Cf. on {1, ..,n}. 



Note that for a commutative matrix A Eq. (B4) is equivalent to Eq. (B3) for which the 
multiplicative property was studied in [29]. The reason we are interested in this definition is 
because of the following observation. 

Lemma B.3. The matrix 1 + X in Eq. is a scalar loop matrix. 



3 The weight of a loop is defined in the same way. 
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Proof. First suppose T is a complete oriented graph so that we can continue to label loops by pairs 
of vertices and let L = (Z1Z2 ■ ■ ■ h) be a loop on {1, n}. Then X{ .\ h = \z\ a k )\ z l k l I if the edge from 
lj to Ik is positively oriented and the negative otherwise. Suppose that L has |e| edges which are 
opposite the orientation. Then 

W(L) = (-lt\\z hl2 )[z hh \z h h) ■ ■ ■ Hh-Mkh^hiS (B5) 

and 

W(L~ l ) = {-lf^z hh )[z kl M^) ■ ■ ■ [zhl>\*hh)\*hh\ (B6) 

Now using the identity [z\w) = —\w\z) we have an extra factor of (— l) l_1 in the second term and 
so 

W(L) + W(L~ l ) = {-lt\[z l2h \z l2h ) ■ ■ ■ [*uJ*Wi>(l%i a >feiJil ~ l*W[*iiJ 2 l) (B7) 
now using 1 2) [w| — = — we have 

S( L ) = \{W(L) + W{L~ 1 )) = -^^[^J^)^!^}---^!^}! (B8) 



By writing Xij as in Eq. ([9j) we generalize T to have any number of edges between pairs of vertices. 
In that case it is clear that S(L) is equal to the sum of weights of the form on the r.h.s. of Eq. 
(B8) over all loops in T traversing the vertices ■ ■ ■ U) in order. □ 

The purpose of this section is to prove the following lemma. 

Lemma B.4. Let A be a scalar loop matrix composed of block matrices and denote the ordinary 
determinant by \ A\. Then 

\A\ = |Ldet(A)| (B9) 

This lemma follows from the following property of the loop determinant. 

Proposition B.5. Let A be a scalar loop matrix. Then the loop determinant behaves as the usual 
determinant under all the elementary row operations. In particular the addition of a scalar multiple 
of one row of A to another row leaves the loop determinant invariant. 



Proof. Suppose we add a scalar multiple A of row i of A to row j . Then Eq. ( B4 ) is changed by 
replacing the single factor A4. in each weight by Aj. + XAj.. Therefore Eq. (B4) becomes a sum of 
its original terms plus terms proportional to A. We will now show that all terms proportional to A 
cancel each other. 

Let C be a cycle cover of 1, ...,n. Then there exists two possibilities: i and j are in the same 
cycle or i and j are in different cycles. Suppose that they are in the same cycle C and let C be the 
rest of C. By cyclic invariance we can assume that i = c\ and call j = Cj where C = {c\...Cj...CN). 
Replacing A ClC , 2 with A ClC2 + XA CjC2 in W(C) we get 

W(C) -> (A C1C2 + XA CjC2 )A C2C3 ■ ■ ■ A Cj _ lCj A CjCj+1 ■ ■ ■ A CNC1 = W{C) + \W(C)N{C) (BIO) 

where C = (cjC 2 c 3 ...Cj-i) and N(C) = A CjCj+1 A Cj+lCj+2 ■ ■ ■ A CNCl . Now consider the cycle C = 
(ciCj+iCj+2-..CAr) then 

W(C) -> {A ClCj+1 + XA C]Cj+1 )A Cj+iCj+2 ■ ■ ■ A CNC1 = W(C) + XN(C) (Bll) 
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and moreover 



W{C)W{C) -> W(C)W(C) + XW{C)N{C) 



(B12) 



This demonstrates that W(C) and W(C)W(C) produce terms proportional to A which are equal 
but have opposite sign in Eq. (B4) since sgn(CC) = — sgn(C). We now show exactly how these 



terms cancel in Eq. ( B4 ) , by considering eight cycle covers for which the terms proportional to A all 
cancel eachother. Indeed, let C\ = (ciC^-.Cj-i), C2 = (cjCj + \Cj + 2---CN), C3 = (ciCjycjv-1— Cj+i), 

C 4 = (CjCj-lCj-2-.-C 2 ), C 5 = (ciC2-.-Cj-lCjCj + l...C N ), Cq = (ciC2---Cj-lCjC N C N -l...Cj + l), C 7 = 

(ciCj_iCj_2"-C2CjCj + i...C7v), C$ = {c\Cj-iCj^2---C2CjCNCN~i---Cjj r i) then it is straightforward to 
show that 



S(d)S(C 2 ) + S(C 3 )S(C 4 ) - S(C 5 ) - S(C 6 ) - S(C 7 ) - S(C 8 ) 



(B13) 



is invariant after the row operation, i.e. the terms proportional to A cancel. Conversely, if c\ and 
Cj are in different cycles we can write them as C\ and C2 in which case we can construct C3,..., Cs 
which leads to the same cancellation. 



It is easy to see from Eq. (B3) that multiplying a row by a scalar produces an overall factor of 



A and switching two rows produces a minus sign, just like the determinant over a field. Hence the 
loop determinant behaves as one would expect under all the elementary row operations. □ 



We can now give the proof of lemma B.4| by induction. 



Proof. By Theorem B.5 the loop determinant is unchanged after Gaussian elimination so after 
eliminating the first column 



Ldet(,4) = Ldet 



A21 A22 



A ln \ 
A 2n 



Ldet 



(An A12 ... Ai n \ 




A n 2 ■ ■ ■ A nn J 
1) matrix with entries Bj 



B 



V 



(B14) 



/ 



where B is a (n — 1) X (n — 1) matrix with entries Bij = Aij — AnA^Aij. Note that since A 
is a scalar loop matrix An is scalar so A^ 1 does indeed exist and is also scalar. Furthermore, if 
L = (lik-Ji) is a loop of {2, 3, n} then Wb(L) = B^^Bi^ ■ ■ ■ Bi^ can be expressed as 



W B (L) = W A (L) |^(-l)Hw A (L(a)) 



(B15) 



where a C {1,2, and L[a) = (Zi...Z CTl lZ CTl+ i...Z CT2 l/ - 2+ i. ../.;), i.e. it is L with 1 inserted after 
every element of a. In other words L(a) is a loop of {1, 2, 3, n} and so Sb(L) is scalar which 
shows that B is a scalar loop matrix. 

The hypothesis is clearly true for n = 1 so now assume it is true for scalar loop matrices of size 
(n — 1) x (n — 1). Then \B\ = |Ldet(5)| which then implies 



\A\ = \An\ ■ \B\ = \An\ ■ |Ldet(S)| = |Ldet(A)| 
which advances the induction hypothesis. 

Finally we apply the previous lemmas to the matrix 1 + X in Eq. Q. 



(B16) 

□ 



Lemma B.6. |1 + X\ = (1 + Y^c Ac(z e )) 2 where the sum is over all disjoint cycle unions C ofT 



and Ac(z e ) is defined in Eq. (16). 
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Proof. By the previous lemmas 



\1 + X\ = |Ldet(l + X)| = ^sgn(C)S(C)j (B17) 

where the sum is over all cycle covers of Vr- Since the loop determinant is a scalar (proportional 
to the 2 by 2 identity), its determinant is a perfect square. The 1-cycles of 1 + X correspond to the 
diagonal which all have weight 1. The cycle cover of all 1-cycles produces the term equal to unity. 
The 2-cycles of 1 + X all vanish since [z e \z e ) = 0. Therefore the cycle covers consist of disjoint 
unions of non-trivial cycles with the remaining vertices covered by 1-cycles. This is enough to see 



that the weight from the loop determinant formula agrees with the weight in Eq. (16). No w th e 
sign of each term is (— \) n+k from the cycle cover and (— l)' 6 ' from the weight formula in Eq. (B8). 
If a cycle cover has i non-trivial cycles covering n — r vertices then there are k = i + r cycles in the 
cover. Thus if we assign 

(_l)M+N+i to eac h 

non-trivial cycle where \n\ is the number of vertices 
in the cycle then + 1) = (n — r) + i = n + k — 2r which agrees with the weight from the cycle 

cover. □ 



Now Theorem II. 3 follows trivially from the last lemma. 



Appendix C: Proof of Theorem IV. 5 



We now want to evaluate the determinant of E — T r . This is a anti-symmetric matrix of size 
2N by 2iV indexed by e%, ...,ejsr,ei , ...,e^ . Therefore this determinant can be evaluated as the 
square of the pfaffian of E — T T '. We cannot directly evaluate the Pfaffian of a matrix as a sum 
over cycles, however it is possible following [30] to write the product of pfaffians of two 2N by 2N 
antisymmetric matrices as 

v iA- v iB = Y J {-^) k W A ,B{C) (CI) 

c 

where the sum is over cycle covers C = ci, Ck of {1, 2iV} having k cycles and where each cycle 
is of even length. The weight of a cycle cover is the product of the weights of its cycles and the 
weight of a single cycle c = (ii, i n ) with i\ > %2, ...,i n is given by 

Wa,b{c) = Ai 1 i 2 Bi 2 i 3 Ai 3 i 4 Bi 4 i 5 ...Ai n _ 1 i n Bi n i 1 . (C2) 

The specification of i% as the largest element in the cycle avoids any ambiguity in the definition of 
the weight. If one chooses B = E then pf£ = (-\)N(N-i)/2 then 

we have an expression for pf A 

in terms of cycle covers up to an overall sign. Let us therefore set A = E — T r and let us choose 
B = E. 

Lets start by evaluating the weight of a 2-cycle. Since Eij is non-vanishing only if j = i ± N 
the weight must have the form 

Ai+N,hEi lt i 1+N = {E- T r ) e -i ei = -(1 + r r _i ei ). (C3) 

Note that T^_ le ^ only if e forms a 1-cycle (or bubble) at a vertex of T, i.e. s(e) = t(e).We have 
used the correspondence between i\ = e\ and i\ + N = e^ 1 if i\ < N. This shows that 2-cycles of 
{1, 2iV} correspond to an evaluation in terms of 1-cycles of T. 

Lets now consider a 4-cycle of {1, 2N}. There are two possibilities depending on whether 
the second index is 12 or 12 + N. In the first case we get 
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In the second case we have 

In both cases we have used the fact that since c is a cycle we necessarily have %\ ^ ii. Hence 
(because of the presence of 1%^+ jv) we have that e\ ^ e~ 1 ■ This means that we can replace the 
element (E — T r ) e2ei by —Tg . One can now see that these weights correspond to 2-cycles of T. 
The first case correspon ds t o the cycle of edges {exes) while the second case corresponds to {e\e~ 1 ). 



Clearly at most one of (C4) and (C5) is nonvanishing, since at most two of the elements of T r are 
nonvanishing depending on the orientation. The difference in sign comes from Bi 2+ ^^ 2 = — 1 while 
Bi-iM+N = Bi 2: i 2+ N = 1. In effect we obtain a minus sign for each edge that disagrees with the 
orientation of T, we also get a minus sign for every edge. 

This result generalizes easily now to the case of a 2n-cycle of { 1 , . . . , 2N} . The same reasoning 
shows that the weight 

Wa,b(c) = A il+N j 2 E i2 j 2 ± N Ai 2 ± Nt i 3 Ei 3t i 3 ± N ■ ■ • Aj n _ 1 ±jv,i n £ ; i ll i 1 +iv- (C6) 

is non zero if and only if the sequence of edges (ei, • • • , e n ) corresponds to a simple loop I of T of 
length n. In that case 

W A , B (c) = (-ir- |e1 ^- le2 T r - le3 • • • T r _ lei = -Mr) (C7) 

and |e| is the number of times ij > N in which case B^^—n = —1. Again this corresponds to 
traversing the edge ej in the orientation opposite to the one of T thus |e| is the number of edges in 
c which disagrees with the orientation of T. Not that if we denote |e| = n — \e\ is the number of 
edges that agrees with the orientation of T. This establish therefore the correspondence between 
2n-cycles c of {1, 2iV} and simple loops of T of length n, moreover the amplitude for a simple 
cycle is precisely minus the amplitude of the loop in T. 

A cycle cover C on {1, ...,2iV} consists of a disjoint union of 2-cycles and non-trivial (i-e the 
cycles which are not 2-cycles) cycles of {1, 2iV}. We established that each 2-cycle of {1, 2N} 
as a weight in the sum given by (1 + T ' -i ) where (e^~ 1 ej) correspond to a bubble in T. We also 
established that each nontrivial cycle on {1, 2iV} (with non-zero weight) corresponds to a simple 
loop of r with amplitude Aj>. This shows that pf(-E — T r ) is (up to an overall sign) equal to 

En ( n (i+r e -i e )Wr) 

L v£L \s(e)=v=t(e) / 

where the sum is over disjoint union of simple loops of length at least 2 and the product is over all 
vertices not in L, with a weight given by the product over the bubbles touching v (and with the 
convention that the weight is 1 if there is no bubbles). Now if T e -i e is non zero this means that 
(e~ 1 e) is appositively oriented bubble; that is a simple loop of length 1. Therefore expanding the 
previous product we get that the pfaffian of (1 + T r ) is (up to an overall sign) equal to 



E^ 



(C8) 



where the sum is over disjoint union of simple loops of any length. Which is what we desired to 
establish. 
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Appendix D: Proof of Corollary IV. 6 



Suppose a simple loop U = {e.\ei • ■ ■ ei-\e% ■ ■ ■ e n -ie n ) is such that s(ei) = s(ej) = v and 
t{ei-\) = t(e n ) = v, i.e. it intersects itself at the vertex v. Then there exists another simple 
loop T = (eiB2 ■ ■ ■ ej_ie~ 1 e~l 1 • • • e^ 1 ) which also intersects itself at v. Lastly, there exists a pair 
of simple loops S = (ei...ej_i)(ej...e n ) which share the vertex v. The triple S,T,U exhaust the 
collections of disjoint simple loops which have an intersection at v and contain precisely the set of 
edges {ei, ...,e n }. 

Suppose that p\ edges of {e\, ej_i} and P2 of {ei, e n } disagree with the orientation of T. 
And lets introduce the amplitudes 

^ei-ej-i = (t s ^ ...r 8 ^ ) (Dl) 



Then by the prescription ( 75 ) 



A v = T er .. ei _ 1 r;_ 1 e T e ,., n r^ (D2) 

A T = { -!)P^+n-i r^^r^^xT^-ir^ (D3) 

A S = (-ir +P2 re,..^^^ e T ei ... e „r;_ le . (D4) 

Using the antisymmetry property of r shows that (— l) n_l T -i -i = T ei ... En Thus 



As + At + Au = (-l) Pl+P2 T ei ... e - .r e .... e r^_! r v _i + r u _i _ir" - t% r v _i 

* 1 U K ' 61 ei " 1 6l 6n V e i-l e l e " e i e i-l e " 11 e i-l e * e n e l, 

For clarity let 1 = ej_ -,, 2 = e±, 3 = e" 1 , and 4 = a then the last factor 

( r 12 r 34 + r r3 r 42 — r 14 r 32) (^5) 

is the Pliicker relation and vanishes under the hypothesis. Hence the only collections of simple 
loops which survive the identification r ee / = [z e \z e i) are ones which are non-intersecting and do not 
share vertices with other simple loops, i.e. they are disjoint unions of non-trivial cycles. 
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